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Note 
A Remark on the Theorem of i(anushka and 
Ronan Characterizing the “Generalized Hexagon” 
H(q) Arising from the Group G2(q) 
J. A. THAS 
Seminar of Geometry and Combinatorics, University of Ghent 
Krijgslaan 271, B-9000 Ghent, Belgium 
I give an equivalent of the condition of Yanushka and Ronan characterizing the 
classical generalized hexagon H(q) arising from the group G,(q). 
INTRODUCTION 
A finite generalized hexagon [ 1] is an incidence structure S = (P, B, I), 
with an incidence relation satisfying the following axioms: 
(9 each point is incident with 1 + t lines (t > 1) and each line is inci- 
dent with 1 + s points (s > 1); 
(ii) ]P] = (lfs)(l +sti-s2t2) = v and ]B] = (1 +t)(l +st+s2t2) = E7; 
(iii) 6 is the smallest positive integer k such that S has a circuit con- 
sisting of k points and k lines. 
We let d(, ) denote distance in the flag-graph, and so if x and y are dis- 
tinct points, then d(.?, y) = 2, 4 or 6. For x E P, let x1 = 
{y E P ]] d(x, y) < 4}, and for distinct points X, y let {x, y}“= x”ny’ and 
{x, Jp = f, {z’ I( 2 E xLi7y1}. 
We note that the only known examples of finite generalized hexagons are 
those associated with Dickson’s group G,(q), which have s = t = q and will 
be denoted by H(q), and those associated with the triality group 3D4(q), 
which have s = t3 = q3. 
In 141 Yanushka proves the following theorem: if S is a generalized 
hexagon with s = t, s > 2, and if ]{x, y}“] = 1 f s for ail pairs (x, y) with 
d(x, y) = 4, then s is a prime power and S is isomorphic to H(s). The follow- 
ing generalization is due to Ronan [2]: if S is a generalized hexagon with 
s > 2 and t > 2, and if ({x, yj”( = 1 + t for all pairs (x, y) with d(x, y) =c 4, 
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with one of the groups G*(t) or “D,(t). In fact, Ronan proves a much deeper 
result which characterizes also the infinite classical generalized hexagons. 
Let US consider the classical hexagon H(q) = (P, B, I), Here the incidence 
structure with point set P, = {ulld(u, x) < 2}, x E P,, with line set 
{{u, U’ IL1 I( U, U’ E P,), and with the natural incidence, is a projective plane 
of order q. It easily follows that for any three points X, y, z, we have 
{U 11 d(u, x) < 2, d(u, y) < 4 and d(u, z) < 4 ] # 0. We show that this property 
characterizes H(q). 
THEOREM. Let S = (P, B, I) be a generalized hexagon with parameters s, 
t, where 2 < t < s. Iffor any three points x, y, z, there holds (u \I d(u, x) < 2, 
d(u, y) ,< 4 and d(u, z) < 4) # 0, then s = t, s is a prime power, and S is 
isomorphic to the classical generalized hexagon H(s). 
Proof: Consider two points x, y with d(x, y) = 6 and let V = 
{zi (( d(x, zi) = 6 -and d(y, Zi) > 4). Then 1 V I= s3t2 - (t + 1) (S - 1) - 1. 
Further, let ti = I{u 1) d(x, U) = 2, d(y, u) = 4, and d(zi, u) < 4}). Note that we 
necessarily have d(zi, u) = 4. Now we count in two ways the number of or- 
dered pairs (zi, u), with d(x, zi) = 6, d(y, zi) > 4, d(x, u) = 2, d(y, u) = 4, 
and d(z,,u)=4. We obtain Cti= (t+l) (t.-l)s*t+ (t+l) (s-l)ts+ 
(t f 1) (t - 1)s = (t + 1)s (st’ - 1). Next we count in two ways the number 
of ordered triples (zi, U, u’), with d(x, zi) = 6, d(y,zi) > 4, d(x, u) = 
d(x, u’) = 2, d(y, u) = d(y, u’) = 4, d(zi, u) = d(zi, 2~‘) = 4, and u f u’. We 
obtain~ti(ti-l)=(t+l)t(t-l)st+(t+l)t(s-l)t+(t+l)t(t-1)= 
t(t+l) (d-1). Hence C(ti-1) (ti-(t+l))= Cti(ti-l)- (t-I-1)X 
xti+ (t+1) IVj= t(ti-1) (St”-l)- (t+1)2 s(st2-1)+ (t+1)x 
(s3t2 - st + t - s) = (t + 1) st’(1 - s) (t - s). Since s > 1 and t < s, we have 
~(t~-l)(ti-(t+1))~O.Ontheotherhandweknowthatt+1~ti~l1, 
and so C (ti - 1) (ti - (t + 1)) < 0. It follows that C(ti - 1) x 
(ti - (t + 1)) = 0, that s = t, and that ti E { 1, t + 1 }. Consequently, if W = 
{u 11 d(x, u) = 2 and d(y, U) = 4}, then W= {u’, u”}” for all u’, U” E W, 
U’ # u”. So in S we have ({u’, u”}“I = 1 t s for all pairs (u’, u”) with 
d(u’, u”) = 4. By the theorem of Yanushka and Ronan s is a prime power 
and S is isomorphic to the classical hexagon H(s). 
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